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Abstract 

The conformal invariance properties of the QCD Pomeron in the 
transverse plane allow us to give an explicit analytical expression for 
the conformal eigenvectors in the mixed representation in terms of 
two conformal blocks, each block being the product of an holomor- 
phic times an antiholomorphic function. This property is used to give 
an exact expression for various functions of interest, the Pomeron am- 
plitude in both momentum and impact-parameter variables, the QCD 
dipole multiplicities and dipole-dipole cross-sections in the whole pa- 
rameter space, and we recover the expression of the four-point gluon 
Green function given recently by Lipatov. 



1. Introduction 

In his inspiring study |IJ] Lev Lipatov has shown that the equation obeyed 
by the BFKL kernel || of the bare QCD Pomeron is invariant by the (global) 
conformal group of transformations in the tranverse coordinate space. Using 
a complete basis of conformal eigenfunctions E n ' u , he is able to express the 
elastic off-mass-shell gluon-gluon amplitude as an expansion over this basis, 
when n, the conformal spin, is an integer and v corresponds to a continuous 
imaginary scaling dimension. In order to investigate the physical properties 
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of this expansion, he is led to consider the eigenf unctions in a mixed repre- 
sentation, E™' u , which is obtained by a suitable Fourier transform of the E n,v . 
Given the nodal importance of these q— dependent eigenfunctions for the de- 
termination of the solutions of the BFKL equation and of their properties, 
it appears useful to go a step further. There already exists numerical || and 
various approximate analytic f|, |J estimates of these quantities. The aim 
of our paper is to derive the exact analytical expressions for the elements of 
this basis. We perform this derivation by using a powerful method taking 
advantage of the conformal invariant properties of the theory. 

To be more specific, we find that the eigenfunctions E™ ,u exhibit a struc- 
ture of conformal blocks which already appeared, in particular, in the compu- 
tation of correlation functions in 2-dimensional conformal-invariant quantum 
field theories 0. This structure is a finite linear combination of functions fac- 
torized in terms of holomorphic and antiholomorphic parts. The coefficients 
of this combination are such that they preserve the singlevaluedness of the 
physical quantities in the complex plane of the coordinates. This structure 
is then reproduced under different forms in all the relevant quantities in the 
QCD Pomeron calculations. 

In section 2 we give the expression of the E™' u in terms of their two 
conformal blocks. Then, in section 3, we derive the analytical expression 
in conformal blocks for f w {k,k',q) which can be interpreted |I| as the t- 
channel partial-wave amplitude for gluon-gluon scattering with gluon vir- 
tualities — (k) 2 , — (k') 2 , — (q — k) 2 , — (q — k') 2 ; t = —q 2 is the momentum 
transfer and u is the the Mellin-conjugate of the c.o.m. energy squared s. 
In the next section 4 we give an exact expression of the dipole multiplicity 
which has been recently introduced and used in an asymptotic approximate 
form by Al Mueller |4]]. It turns out that this quantity, which coincides with 
the Pomeron Green function recently calculated by Lipatov J/J, obeys the 
conformal-block structure. In the last section 5, we determine the impact- 
parameter-dependent amplitude, first in the Lipatov original formulation and 
second in the Mueller approach and exhibit the non-trivial mathematical 
property which proves their identity in the whole parameter-space. 

2. Conformal blocks for eigenfunctions 

Using the notations of Ref . , the eigenfunctions in coordinate space are 
defined as: 
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^(pio,p 2 o) = (-1)" ^ ^ , (1) 
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where py = pj — p, and p^ (i = 0, 1,2) are complex transverse coordinates. 
The conformal dimensions are defined as : 

p = n/2 — iv ; p = —n/2 — iv, (2) 

where n, the conformal spin, is an integer. These are the eigenfunctions of 
the two Casimir operators of the conformal algebra, namely: 

fad&E"'" = \ n>v E n > v 

An,v = 1/4 — p 2 , X n ,-v — \i,w (3) 

Lipatov introduces the following mixed representation of the eigenfunctions: 
2tt 2 1 



Ey(p) = [ dzdz el^+w) E n ' u fe+p/2, z-p/2) , (4) 

O n ,u \p\ J 

where 

2 4i "7r 3 T{\n\/2-iv+l/2)T{\n\/2 + iv) 

|n|/2-w r(|n|/2+ii/+l/2)r(|n|/2-ii/)' 1 j 

Using the eigenvalue equations (|3|), we obtain the corresponding differen- 
tial equations obeyed by the E™' u . 

I* + 1 1 _£U ™ w = o, 



ch/ 2 \ y 2 

92 ' 18 ' 'l-aWM = 0, (6, 



[ <9?/ 2 7/ 9?/ \ ?/ 2 

where ?/ = gp/4. Each of these equations admits two linearly independant 
solutions which are q T ^J±n(y) and J±p,(y) ■ So, the generic solution for 
EY reads 

W = f!" ,i E CaJ> Ja{v)MV), (7) 

a=±/i,/3=±/i 

where C aj/ g are constants. Now, the requirement is that the solution be 
a monovalued function with respect to the complex variable p. This implies 
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that only the combinations (/x, p) and (— /x, — /x) contribute, in order to match 
the phases of the Bessel functions for each product. This finally yields: 



(8) 



We determine the coefficients by matching with the known behaviour [|TJ 
when \pq\ ~ 0. We get at once 



a 



2 _bM T (1 - iu + \n\/2) Y{l — iv— \n\/2) . (9) 



This finally yields: 



■ii/— n/2 iu+n/2 



Q 



2 " 6 ^r (l-w/+|n|/2) r (l-ii/-|n|/2) x 



,qp 



Jn/2-iu(~r)J-n/ r >.-iu(—r 
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n/2— iv \ 



T ( qP \ T ( qP ^ 

■J-n/2+iv \—£)-Jn/2+iv \-T j 



.(10) 



The form obtained in formula fliTf ) is the same as the one obtained with the 
conformal block structure of correlation functions in 2-dimensional conformal 
field theories 0. It corresponds to the holomorphic factorization of the 
integrand in expression Q). Note that this integrand is not of the form 
f(z)f(z) but f(z)g(z), where the singularity structure of f and g are matched 
because the conformal spin n is integer. The Bessel functions appearing in 
formula (|i0|) come from the known contour integral representations || 



H{1>2) = r(l/2-q) (y/2Y f 

in 3 / 2 Jc (1 . 2} 



■izt 



(z 2 - iy- 1/2 dz, 



where the two Hankel functions H^-' 2 ' are obtained with the appropriate 
contours around the singularities, see || . The precise combination appearing 
in ( |I0|) comes from the analyticity properties of the solution. 

3. Computation of the QCD Pomeron amplitudes 

Formula (|T0|) gives directly the expression of the t-channel Pomeron par- 
tial wave amplitude f%(p,p') in the mixed representation M. let us define 
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E^(p') E^{p) 



v 



n- 
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where 



and m 



+00 „ + 00 1 
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u,n)' 
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(13) 
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Analogously, one can introduce the corresponding amplitudes in the impact- 
parameter space, namely fu>(pi, P2, p[, p'2) an d f n ' u (.Pii P2, p'n pQ- These func- 
tions are the Fourier-transforms of the previous ones (OJTJI), namely: 



f n ' u (pi,p2,p 1 ,p 2 ) = d qe 



7 2„ ^ iq P -lll±£22L \PP_ 
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x 



n — 1 



v 2 + 



n+1 



(15) 



Finally, one defines the amplitudes in the momentum space by |T[] 
5 2 {q-q')f n ' u {k,k',q) = (2tt)- 8 f d 2 p x d 2 p 2 d 2 p[d 2 p' 2 x 



(16) 



where k, k',q — k and q' — k! are the transverse momenta of the external 
off-shell gluons (with propagators included). 

Let us now derive the analytic solution for f n ' u (k, k', q). For this sake, we 
introduce the new variables of integration: 

, , / , Pxi'+Piar Pi + p2 + p'i + p 2 n ^ 

p = pi-p2-, p =Pi-p 2 ; b = — 2 — ' ,a = 2 ' ^ ' 

The integration over a gives the expected 5 2 (q — q'). The result reads: 

f n ' U {k,k',q) = 7r(27r)- 8 J d 2 pd 2 p'd 2 b e <k-q/2)p e -i(k'- q /2) P > jqb x 

x r'\p l ,p 2 ,p' 1 , P ' 2 ). (is) 

With the definition ([16]), the integration over b gives: 



r^(M',g)=7r(27r)- 6 
x fd 2 pe^ k -^ pl 4 



v A + 



n — 1 



v 2 + 



n+1 



x 



E^(p) J d 2 p' e^'-^' M E^(p'), (19) 
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which exhibits the factorization between the integrals over p and p' . In order 
to compute the integral say, over p one again makes use of the conformal- 
block structure. Using expression ( |TD| ) for E™' u (p), one is led to integrals of 
the form: 



B±(q, k) = I dp e 2 

- s±{n/2-iv) 



'-P(k- 



P 



l ' 2 J. 



±(n/2-iv) [ "J I 



-4i(k-q/2) 



F(±(n/2-iv) +3/2) 



(-f(A;-g72)) 3/2 r(±(n/2 - «,) + 1) 



x 



2Fx [ ±(n/2-zV)+3/2,±(n/2-zV) + 2; ±(n/2-zV) + l; j- ( 20 ) 

The same equation holds for the quantities B±(q, k) by changing (n, g, fc) 
— > (— n, q, k) in the previous expression. One obtains again a conformal block 
structure, for which the single- valuedness condition implies the following di- 
agonal form: 



I n ' u (k,q) = J d 2 p e i{k ' q/2)p Y E n q v {p) = 

2 -6i» ql »+n/2-i»-n/2 p(j _ ^ + ^ p(j _ ^ _ ^ x 

x fc)5 + (g, fc) - £L(g, fc)B_(g, fc)" 



£>++ 2-F1 ( 3 + 2n - 2«V, 1/2 + n/2 - zV; 1 + n - 2iv\ J ) x 



x 2 Fi ( 3 - 2n - 2iu, 1/2 - n/2 - iv; 1 - n - 2zV; | 



2-P1 ( 3 - 2n + 2ii/, 1/2 - n/2 + zi/; 1 - n + 2ii/; = 1 x 



x 2 -Pi ( 3 + 2n + 2iv, 1/2 + n/2 + iv; 1 + n + 2zV; 



(21) 



where the coefficients are given by: 



n/2+i!/-3/2 



-n/2+iv-3/2 



n r)3—2iu 



i n 2 



1 - -2- 

. 2fe, 



1 - -2- 

2fe , 



X 



x r(n/2 + zV - 3/2) r(-n/2 + iv - 3/2) 
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n+2iv 



—n+2iv 



'-l) n 2- 



1 - _2_ 

. 2k . 



1 - -2- 

2fc / 



r(-^/2+iz/+3/2) r(-ra/2+iz/+3/2)I>/2-iz/+l) r(-n/2-zV+l) 
r(-ra/2-ii/+3/2) r(-n/2-iz/+3/2)r(n/2+ii/+l) r(-n/2+iz/+l) 

The final result for the amplitude f n,u (k, k', q) is 



(22) 



f n > u (k,k>,q) 



n(2n) 



n — 1 



/ n + 1 



X 



X I n ^(k,q) I n ^(k',q). 



(23) 



4. Green functions and QCD dipole multiplicities 

In the QCD dipole formalism ||, |J, one defines the multiplicity of dipoles 
of (2-dimensional) transverse size p' originated from an initial dipole of trans- 
verse size p in an high-energy onium-onium scattering with a transverse mo- 
mentum q. In terms of the (n, v) representation, it reads 



N n,u 



\A E^(p) E^(p'). 



(24) 



The expression for the E™ ,v corresponding to formula ( P~D[ ) gives an explicit 
analytic realization of the dipole multiplicity in the whole phase space. 

A Fourier transform leads to the multiplicity of dipoles at an impact 
parameter b. In terms of the (n, v) representation, one writes [ffl 



N n '»(p,p',b) 



dqdq e l/2{ql+qb) M E n q \p) E n q v {p). 



(25) 



Using again the expression for the E q ,u , see fliPp, and the conformal block 
structure of the integrals, we get (for the holomorphic part): 



A±(p,f/,b) 



dq e2 qb J±( n /2-iv) ( ^J" ) J±(n/2-iv) 



Q 



±{n/2-4v)-l/2 



pq 

4 

2 



(26) 
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where Q is the Legendre function of second kind H. Selecting the combina- 
tions which satisfy the usual analyticity requirements, one finally gets 

7r|p p 

x r(-n/2+zV+l) r(-n/2-M/+l)I>/2+ii/+l) T(n/2-iu+l) 

(27) 



x 

where 

(28) 



2/ V 2 



2 U J If 

As a matter of fact, up to a normalization factor this multiplicity is 
nothing but the gluon Green function recently calculated by Lev Lipatov [[/]] . 
Indeed, using the following change of variables: 

x = PlvP22 ' = —If; h = n/2+iz/+l/2; h = -n/2+iv + l/2, (29) 
PnPi'2' 2 

where x is the well-known complex anharmonic ratio, and the known || 
definition of the Legendre functions in terms of 2 -Pi, one recovers the Lipatov 
result. By definition the Green function reads 

G n , v = J d 2 p E n >»( Pl , ,p 2 , )E n >»(p w ,p 2Q ) 

= li\KA 2 \PP'\ j d 2 q e-^^ 221 E n /{p')E n /{p), (30) 

where |& n ,v| 2 — ^2^2/4 - One finally obtains the identity valid in the whole 
phase space: 

7/2 _i_ r,2 /A 

N n >»(p,p',b)= j ' G n>v . (31) 

"K \p\ 

5. Dipole-dipole elastic amplitude 

In the BFKL formalism the function f n ' u (pi, p 2 , p[, p' 2 ), see (|16D, can be 
interpreted as the dipole-dipole elastic amplitude where dipoles of size p\ 2 and 
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pi'2' collide at an impact parameter distance b 
to get: 



Pn'+P22' _ j s straightforward 



f^(p u p 2 ,p[,p' 2 ) = (v 2 + n 2 /4) G n , v = 7r 2 \ P '\ 2 N^(p,p' : b). 



(32) 



In the Mueller formalism Q, the same amplitude between the two incoming 
dipoles is evaluated in a different way. The two dipoles interact through 
the cascading of dipoles with decreasing c.o.m. rapidity. In the central region 
the dipoles obtained after cascading at a given impact-parameter interact 
through the elementary gluon-gluon exchange at q = 0. In terms of the 
conformal-invariant formalism one may write: 



d 2 a 12 d 2 av2' 

1 012 0"1'2'| 2 



d 2 c d 2 d 5{b 



J dp N m ^(p 12 ,a 12 ,c) J dp' N m '>»\p V2 ,,a V2 ,,c!) f^ v {a l2 ,a V2 , 



1 9=0) 



(33) 



The elementary amplitude at q = is obtained from formulae (|TT],|T3|): 



fa' U (o~l2,crii2i 



\q=o 



012 
(J V2 i 

n-l- 2 



-n/2+iu f (7\ 2 \ n /2+* i/ 



v 2 + 



(Jy 2 i 

n + 1 N 2 ' 



x 
-i 



(34) 



Note that this elementary amplitude at q = is directly related to the dipole- 
dipole elementary cross-section, up to a normalization factor. Indeed, once 
integrating fq=o' u over u, one recovers the formula used in ref. Q for the 
dipole-dipole elementary cross-section at high energy. 

Let us prove that we recover the same amplitude as in formula fl3"2]). 
Inserting in ([33|) the definition of the multiplicities (|27|) , the convolution in 
impact-parameter yields: 

P>»(p u p 2 ,p' 1 ,p / 2 )= E J dp J dp' 

m,m' 

x J dq dq e^~ b+ W E^(p 12 ) E?' (jh'v) 
d 2 a 12 E^(a l2 ) (a 12 )- n/2+iu - 1 ^-W 2 +^-i 



x 



012 



^2„. rpm' .it' / _ \ /_ \n/2— iv— 1 /- \ — n/2— ii/— 1 

d a V2 > E a "* (cr l2 ) (ayy) ' (0i'2'J 7 



(35) 
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The integrations over uxi and ayy can be performed using again conformal- 
block techniques [|l(J. One finds conformal block integrals of the form (for, 
say, the holomorphic part) 



f da (a j , - 1 (q\ nl2 ~ lv r ( i ) 

J dau {ai2) Jm/2 ^ VT) - 2 [sj r^. u^. )- 

(36) 

the result for the 2-dimensional integration over a 12 reads 
J d 2 a 12 E^{a 12 ) {a l2 )- n/2+l ^ 1 (? u )^ 1 

p / iu—in+m—n \ p ( iv 
_ o-2 V 2 ) \~ 



-i/i—m+n 



x r(l-ii/+|n|/2)r(l-iV-|n|/2) 

X e ^(i"-*Ai+m-n) gin _ ^ + m _ (37) 

where the last phase factor is required by the correlation between holomor- 
phic and anti-holomorphic integrals due to the conformal-block structure 
[ |T0|j . This phase factor can also be found by direct computation of the 2- 
dimensional integral through 3 F 2 hypergeometric functions, note that ex- 
pression ( |3"7D is q- independent, which is crucial for the final result. 

Performing the J2 m ,m' an d the / dfi J d/i f in formula (|33|), we obtain 
$mn$m'nb{iv — ifj,)6(iv — i(J>') an d S- mn S- m i n S(iu + i/jL)S(iu + ifj,') . Indeed, they 
correspond to the only relevant poles in the complex plane integration when 
v and /1, // are real. Note that these contributions expected, diagonal 

in m,m' and Inserting these ^-functions in formula fl35|), we recover at 
once the formula (|32|) . Note that this proven equivalence is valid in the whole 
dipole phase-space and not only assymptotically. 

6. Conclusion and outlook 



Using the conformal invariant properties of the BFKL Pomeron, we have 
been able to get exact analytic formulae for various quantities of interest in 
this formulation. The main result concerns the expression for the eigenvectors 
of the BFKL equation in the mixed representation as a sum of two conformal 
blocks implying Bessel functions of complex index and argument. Among the 
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main consequences, we obtain an exact formulation of the off-shell gluon- 
gluon amplitude in the physical momentum space. We also obtain an exact 
expression for the QCD dipole multiplicities and scattering amplitudes, valid 
in the whole phase-space, proving the full equivalence between the BFKL 
and QCD dipole formulation for these quantities. As a check we recover 
the recent result on the gluon Green function obtained in a different way by 
Lipatov 0. 

The fact that exact expressions based on conformal invariance have been 
obtained for the eigenvectors in the mixed representation, is promising for 
handling the multi-Pomeron interactions [|], |^, |11[ . 
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